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quia, Colombia.A linear instability analysis was performed in order to investigate which variables have a signiﬁcant effect
on the onset of the instability of an unsaturated viscoplastic material subjected to water inﬁltration. It
was found that the onset of the growing instability of the material system mainly depends on the speciﬁc
moisture capacity, the suction, and the hardening parameter. Then, in order to simulate the water inﬁl-
tration process of a one-dimensional unsaturated soil column, a multiphase coupled elasto-viscoplastic
ﬁnite element analysis was performed based on the theory of porous media. The results of the numerical
simulations are discussed with respect to the effect of the speciﬁc moisture capacity and the initial suc-
tion on the development of volumetric strain. We found that rapid transitions from unsaturated to sat-
urated states and higher levels of initial suction lead to the contractive behavior of the material and
instability. The instability detected by the numerical results is consistent with the theoretical results
obtained through the linear instability analysis.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
It has been well recognized that the behavior of unsaturated soil
subjected to water inﬁltration plays an important role in Geome-
chanics. This is because the failure of natural slopes, embankments,
and artiﬁcial soil structures is most often due to water inﬁltration.
The failure of soil structures can be triggered by a wetting process
from an unsaturated stage resulting from an increase in moisture
content and a decrease in suction. Jennings and Burland (1962)
conducted a series of consolidation tests and showed that partly
saturated soil upon wetting undergoes additional settlement or
‘‘collapses”; this phenomenon is commonly referred to as collapse
behavior. To study this behavior in unsaturated soil, several consti-
tutive models have been developed (e.g., Alonso et al., 1990; Cui
and Delage, 1996; Oka et al., 2006; Sheng et al., 2003; Thomas
and He, 1998; Wheeler and Karube, 1996; Wheeler and Sivakumar,
1995). Simultaneously, unsaturated seepage-deformation coupled
methods have been developed in order to solve practical geotech-
nical problems for unsaturated soil (e.g., Alonso et al., 2003; Cho
and Lee, 2001; Ehlers et al., 2004; Kato et al., 2009; Oka et al.,
2009).
The instability of saturated porous media has been widely stud-
ied by many researchers (e.g., Ehlers and Volk, 1998; Higo et al.,ll rights reserved.
: +81 75 383 3193.
).
ecturer), University of Antio-2005, 2006; Loret and Prévost, 1991; Oka et al., 1994, 1995; Rice,
1975; Schreﬂer et al., 1995) from both experimental and analytical
points of view. However, studies on the instability of unsaturated
porous materials have not been completed. Many experimental
and numerical researches have been conducted on the deformation
behavior of unsaturated soil (e.g., Alonso et al., 2003; Cunningham
et al., 2003; Feng, 2007; Khalili et al., 2004; Kimoto et al., 2007;
Oka et al., 2010). Nevertheless, the deformation of unsaturated soil
is still a subject of research. And theoretical analyses, such as insta-
bility analyses, have not yet been performed. Recently, Buscarnera
and Nova (2009a,b) addressed the general problem of soil instabil-
ity for partially saturated geomaterials with particular reference to
the controllability of oedometric and triaxial conditions. They
showed that the onset of instability can be identiﬁed by several
hydro-mechanical tests, in which wetting processes may explain
the main cause of soil instability. In addition, Garcia et al. (2010)
studied the effect of hydraulic parameters on the transient vertical
inﬁltration problem and their effect on the deformation behavior of
elasto-viscoplastic unsaturated soil. Among the hydraulic parame-
ters studied, it was found that the generation of pore water
pressure and volumetric strain is signiﬁcantly controlled by the
material parameters that describe the soil water characteristic
curve.
The main objective of the present paper is to study the effect of
parameters and state variables on the unstable behavior of unsat-
urated materials when they are subjected to a wetting process, e.g.,
rainfall and ﬂooding. Then, before conducting the numerical anal-
ysis, the material parameters and the conditions that contribute to
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bility analysis. From this analysis, it is found that the onset of the
instability of the material system depends on the speciﬁc moisture
capacity (slope of the soil water characteristic curve), the suction,
and the hardening parameter.
The multiphase coupled elasto-viscoplastic ﬁnite element anal-
ysis formulation proposed by Oka et al. (2006) is used to describe
the water inﬁltration into a one-dimensional column and the tran-
sition of the porous material from an unsaturated state to a satu-
rated state. The numerical analyses presented here are based on
the fundamental concept of the theory of porous media (e.g., Atkin
and Craine, 1976; Biot, 1962; Bowen, 1976). The materials are as-
sumed to be composed of solid, water, and air which are thought to
be continuously distributed throughout space at a macroscopic le-
vel. An elasto-viscoplastic constitutive model is adopted for the soil
skeleton (Kimoto and Oka, 2005). The skeleton stress, which is
determined from the difference between the total stress and the
average pore ﬂuid pressure, is used for the stress variable in the
governing equations. In addition, the constitutive parameters are
functions of the matric suction, by which the shrinkage or the
expansion of the overconsolidation boundary surface and the static
yield surface can be described (Oka et al., 2006).
The paper is organized as follows: In Section 2, a seepage-defor-
mation coupled method is described within the framework of a
macroscopic continuum approach through the use of the theory
of porous media. In Section 3, a linear instability analysis is pre-
sented in order to investigate the effect of material parameters
on the onset of the instability of the governing equations using a
simpliﬁed one-dimensional viscoplastic model. In the analytical
formulation, the material is assumed to be a triphasic continuum
consisting of a soil skeleton, pore water, and pore air. In Section
4, numerical simulations of the one-dimensional water inﬁltration
problem are presented to discuss the effect of the speciﬁc moisture
capacity and the initial suction on the development of volumetric
strain. For the numerical simulation, an updated Lagrangian meth-
od with the objective Jaumman rate of Cauchy stress is adopted
(Kimoto et al., 2004; Oka et al., 2006). It is shown that the instabil-
ity obtained by the numerical analyses is consistent with the the-
oretical results obtained by the linear instability analysis.
2. Multiphase coupled elasto-viscoplastic formulation
2.1. Governing equations
Unsaturated material is assumed to be composed of three
phases, namely, solid (S), water (W), and air (G), which are contin-
uously distributed throughout space. Total volume V and volume of
the voids VV are obtained from the sum of the partial volumes of
the constituents, namely:
V ¼ VS þ VW þ VG; ð1Þ
VV ¼ VW þ VG: ð2Þ
Volume fraction na (a = S,W, and G) is deﬁned as the ratio of the
speciﬁc volume element with respect to the total volume, namely:
na ¼ V
a
V
; ð3Þ
nS þ nW þ nG ¼ 1: ð4Þ
The porosity, n, is written as
n ¼ V
V
V
¼ V  V
S
V
¼ 1 nS; ð5Þ
In addition, water saturation s smaller than 1 indicates that the
medium is unsaturated. s is deﬁned ass ¼ V
W
VV
¼ V
W
VW þ VG ¼
nW
n
: ð6Þ2.1.1. Skeleton stress
Terzaghi (1943) deﬁned the effective stress for water-saturated
soil. In the case of unsaturated soil, however, the effective stress
needs to be redeﬁned in order to include a third phase, namely,
the air phase. This phase is considered to be compressible. In the
present formulation, skeleton stress tensor r0ij is deﬁned and then
used for the stress variable in the constitutive relation for the soil
skeleton (Kimoto et al., 2010, 2007).
The partial stresses of the water and air phases express as
rWij ¼ nWPWdij; ð7Þ
rGij ¼ nGPGdij; ð8Þ
where PW and PG are the pore water pressure and the pore air pres-
sure, respectively.
The partial stress tensor for the solid phase can be expressed by
an analogy with the water-saturated phase as
rSij ¼ r0ij  nSPFdij; ð9Þ
where PF is the average pore pressure. Total stress tensor rij is ob-
tained from the sum of the partial stresses, namely:
rij ¼ rSij þ rWij þ rGij ; S ¼ Solid; W ¼ Water; G ¼ Air: ð10Þ
Substituting Eqs. (7)–(9) into Eq. (10), and considering Eqs. (4)–
(6), we have:
r0ij ¼ rij þ PFdij; ð11Þ
where r0ij is the skeleton stress, which is used as the basic stress var-
iable in the model for unsaturated soil. In Eq. (11), the average pore
pressure is given by
PF ¼ sPW þ ð1 sÞPG: ð12Þ2.1.2. Conservation of mass
The conservation of mass for the soil, the water, and the air
phases is given by the following equations:
Da
Dt
naqað Þ þ naqavai;i ¼ 0; a ¼ S;W;G; ð13Þ
in which qa and vai are the material density and the velocity of each
phase, respectively. D
a
Dt denotes the material time derivative follow-
ing particles of phase a.
Supposing that the soil skeleton and water are incompressible,
namely, _qS ¼ 0 and _qW ¼ 0, the conservation laws of Eq. (13) yield:
_nSqS þ nSqSvSi;i ¼ 0; ð14Þ
_nWqW þ nWqWvWi;i ¼ 0; ð15Þ
_nGqG þ nG _qG þ nGqGvGi;i ¼ 0; ð16Þ
where the superimposed dot denotes the material time derivative
following particles of each phase, respectively.
Considering Eqs. (5) and (6), Eqs. (14)–(16) provide:
 _nqS þ ð1 nÞqSvSi;i ¼ 0; ð17Þ
_nsqW þ n_sqW þ nsqWvWi;i ¼ 0; ð18Þ
_nð1 sÞqG  n_sqG þ nð1 sÞ _qG þ nð1 sÞqGvGi;i ¼ 0: ð19Þ
The apparent velocity or ﬂux vector Vbi of water and air, with re-
spect to the solid phase, is deﬁned as
Vbi ¼ nb vbi  vSi
 
b ¼ W;G: ð20Þ
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ing Eq. (20), the continuity equation for the water phase can be ob-
tained as
svSi;i þ n_s ¼ VWi;i : ð21Þ
Similarly, multiplying Eq. (17) by (1  s)qG/qS, adding Eq. (19),
and considering Eq. (20), the continuity equation for the gas phase
can be obtained as
ð1 sÞvSi;i  n_sþ nð1 sÞ
_qG
qG
¼ VGi;i: ð22Þ
To describe the changes in air density, the equation for ideal gas
is used, i.e.,
qG ¼ MP
G
Rh
; ð23Þ
_qG ¼ M
R
_PG
h
 P
G _h
h2
 !
; ð24Þ
in which M is the molecular weight of the gas, R is the gas constant,
and h is the temperature.2.1.3. Conservation of momentum
The momentum balance equations for the three phases are gi-
ven by
naqa _vai ¼ raji;j þ qanaFi þ
X
c
Dac vai  vci
 
a; c ¼ S;W;G; ð25Þ
in which Fi is the gravitational force per unit mass and Dac(Dac =
Dca) are the parameters which describe the interaction between
phases a and c, which is deﬁned as
DWS ¼ ðn
W Þ2qWg
kW
; DGS ¼ ðn
GÞ2qGg
kG
; ð26Þ
in which kW and kG are the permeability coefﬁcients for the water
phase and the air phase, respectively.
Disregarding the acceleration and the interaction between air
and water, the momentum balance equations for the three phases
are obtained as
r0ji;j  nSPF
 
;i
þ qSnSFi þ DSW vSi  vWi
 þ DSG vSi  vGi  ¼ 0; ð27Þ
 nWPW
 
;i
þ qWnWFi þ DWS vWi  vSi
  ¼ 0; ð28Þ
 nGPG
 
;i
þ qGnGFi þ DGS vGi  vSi
  ¼ 0: ð29Þ
Supposing that the distribution of porosity is sufﬁciently
smooth and using Eq. (26), Darcy’s laws for the water and the air
phases are obtained from Eqs. (28) and (29), respectively, as
VWi ¼ nW vWi  vSi
  ¼  kW
qWg
PW;i  qWFi
 
; ð30Þ
VGi ¼ nG vGi  vSi
  ¼  kG
qGg
PG;i  qGFi
 
: ð31Þ
The sum of Eqs. (27)–(29) leads to the equilibrium equation for
the whole mixture:
rji;j þ qFi ¼ 0; ð32Þ
where q is the density of the mixture.2.2. Constitutive equations for the soil
2.2.1. Soil water characteristic curve (SWCC)
The relation between suction PC = PG  PW and effective satura-
tion sre is given by the equation proposed by Van Genuchten (1980)
as
sre ¼ 1þ ðaPCÞn
0n om
; ð33Þ
sre ¼ s sminsmax  smin ; ð34Þ
in which a, n0, and m are material parameters, and the relation
m = 1  1/n0 is assumed. smax and smin are the maximum and the
minimum limiting values of saturation, respectively. The relation-
ship between m and n0 leads to an S-shaped type of soil water char-
acteristic curve.
The effects of the degree of saturation on permeability for water
and air are assumed as
kW ¼ kWs sa 1 1 s
1
m
 n0 
; kG ¼ kGs ð1 sÞb 1 s
1
m
 n0 
; ð35Þ
where a and b are the material parameters, and m and n0 are the
parameters in the van Genuchten equation. kWs is the coefﬁcient
of permeability for water under saturated conditions and kGs is the
coefﬁcient of permeability for air under fully dry conditions.
From Eqs. (33) and (34), it is seen that the SWCC is mainly con-
trolled by parameters a and n0. Parameter a is related to the air-en-
try value condition, which is the suction value at which the
maximum saturation starts to decrease due to air entering the soil.
Parameter n0 is related to the pore size distribution of the soil. Fig. 1
illustrates the effect of parameter a on the air-entry value and the
SWCC for constant parameter n0. This ﬁgure shows that when
parameter a increases, the air-entry value decreases. Soils with rel-
atively high air-entry values, e.g., clays, are characterized by smal-
ler values for a. Similarly, Fig. 2 illustrates the effect of parameter
n0 on the SWCC for constant parameter a. In this ﬁgure, it is seen
that the soil water characteristic curve becomes steeper for the lar-
ger values of n0; soils with steeper curves, e.g., sands, are repre-
sented by larger parameters n0. Additional details concerning the
physical meaning and the effects of these constitutive parameters
on the hydraulic behavior of unsaturated soils can be found in Lu
and Likos (2004) and Pinder and Gray (2008).
2.2.2. Elasto-viscoplastic model for unsaturated soil
An elasto-viscoplastic model, based on the overstress-type of
viscoplastic theory with soil structure degradation for saturated
soil (Kimoto and Oka, 2005), has been extended to unsaturated
soils using the skeleton stress and the suction effect in the consti-
tutive model (Oka et al., 2006).
It is assumed that total strain rate tensor _eij consists of elastic
strain rate tensor _eeij and viscoplastic strain rate tensor _e
vp
ij as
_eij ¼ _eeij þ _evpij : ð36Þ
The elastic strain rate tensor is given by a generalized Hooke
type of law, i.e.,
_eeij ¼
1
2G
_Sij þ j3ð1þ e0Þ
_r0m
r0m
dij; ð37Þ
where Sij is the deviatoric stress tensor, r0m is the mean skeleton
stress, G is the elastic shear coefﬁcient, e0 is the void ratio, j is
the swelling index, and the superimposed dot denotes the material
time derivative following particles of solid phase.
In this model, it is assumed that there is an overconsolidation
(OC) boundary surface that delineates the normally consolidated
(NC) region, fbP 0, and the overconsolidated region (OC), fb < 0.
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are deﬁned as follows:
fb ¼ gð0Þ þMm ln r0m=r0mb
  ¼ 0; ð38Þ
fy ¼ gð0Þ þ eM ln r0m=r0ðsÞmy  ¼ 0; ð39Þ
gð0Þ ¼ gij  gijð0Þ
 
gij  gijð0Þ
 n o1
2
; gij ¼
Sij
r0m
; ð40Þ
where Mm is the value of g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gijgij
p
when the volumetric strain
increment changes from contraction to dilation, which is equal to
ratio Mf at the critical state, r0mb is the hardening parameter, and
r0ðsÞmy is the static hardening parameter. The effect of the unsaturated
soil is incorporated for both boundaries as
r0mb ¼ r0ma exp
1þ e0
k j e
vp
kk
	 

1þ SI exp Sd P
c
i
Pc
 1
	 
  
; ð41Þ
r0ðsÞmy ¼
r0ðsÞmyi
r0mai
r0ma exp
1þ e0
kj e
vp
kk
	 

1þ SI exp Sd P
c
i
Pc
1
	 
  
¼r
0ðsÞ
myi
r0mai
r0mb;
ð42Þ
where evpkk is the viscoplastic volumetric strain, k is the compression
index, and e0 is the initial void ratio. P
C
i is the initial suction value, P
Cis the present suction value, and SI is the material parameter that
denotes the strength ratio to the saturated soil when suction is
PCi . Sd is the parameter which controls the rate of increase or de-
crease in strength. r0ma is a strain-softening parameter used to de-
scribe the degradation of the material caused by structural
changes, namely:
r0ma ¼ r0maf þ r0mai  r0maf
 
expðbzÞ; ð43Þ
z ¼
Z t
0
_zdt; _z ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
_evpij _e
vp
ij
q
; ð44Þ
in which r0mai and r0maf are the initial and the ﬁnal values of r0ma,
respectively, b is a material parameter which controls the rate of
structural changes, and z is the accumulation of the second invari-
ant of viscoplastic strain rate _evpij .
Details of the constitutive model with soil structure degradation
are given by Kimoto and Oka (2005).
The viscoplastic potential surface is described as
fp ¼ gð0Þ þ eM ln r0m=r0mp  ¼ 0; ð45Þ
where eM is assumed to be constant in the NC region and to vary
with the current stress in the OC region as
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ln r0m=r0mcð Þ : OC region
8<: ; ð46Þ
whereMm is the value of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gijgij
p
=r0m at the critical state, and r0mc de-
notes the mean skeleton stress at the intersection of the OC bound-
ary surface and the r0m axis as
r0mc ¼ r0mb exp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gijð0Þgijð0Þ
q
Mm
: ð47Þ
Finally, the viscoplastic strain rate tensor is given by the follow-
ing equation when fy > 0, which is based on Perzyna’s type of visco-
plastic theory (Oka et al., 2004) as
_evpij ¼ Cijklr0m exp m0 gð0Þ þ eM ln r0mr0mb
	 
 
ofp
or0kl
; ð48Þ
Cijkl ¼ Ddijdkl þ E dikdjl þ dildjk
 
; C1 ¼ 2E; C2 ¼ 3Dþ 2E;
in which C1 and C2 are the viscoplastic parameters for the deviatoric
and the volumetric components, respectively.
3. One-dimensional instability analysis of an unsaturated
viscoplastic material
Jennings and Burland (1962) conducted a series of consolidation
tests on unsaturated soils and showed that upon wetting, the soil
samples collapsed; this phenomenon is commonly referred to as
collapse behavior, i.e., instability problem. In recent years, many
researches have been oriented to study the behavior of unsatu-
rated soils (e.g., Alonso et al., 2003; Buscarnera and Nova, 2009b;
Cunningham et al., 2003; Ehlers et al., 2004; Khalili et al., 2004;
Kimoto et al., 2007; Oka et al., 2010).
In spite of the above-mentioned valuable works, the effects of
the constitutive parameters on the deformation of an unsaturated
material have not yet been fully investigated. Hence, the deforma-
tion behavior of unsaturated soils has to be studied with both
numerical simulations and an instability analysis. In the present
section, a linear instability analysis is conducted on an unsaturated
material in a viscoplastic state in order to examine which constitu-
tive parameters and conditions lead to the onset of a growing
instability during a wetting process.
Due to the high nonlinearity of the hydraulic and the constitu-
tive equations involved in the unsaturated coupled seepage-defor-
mation analysis method, only simpliﬁed one-dimensional
analytical solutions for the inﬁltration problem can be obtained
for elastic materials (e.g., Wu and Zhang, 2009). Therefore, the lin-
ear instability analysis will be applied to a one-dimensional visco-
plastic unsaturated material based on the multiphase coupled
seepage-deformation framework presented in Section 2. The re-
sults by the instability analysis obtained here will be discussed
with the numerical simulation results in Section 4.
3.1. Governing equations
3.1.1. Stress variables
Following Section 2, one-dimensional stress variables are de-
ﬁned in the following. From Eqs. (7)–(11), the one-dimensional to-
tal and partial stresses can be rewritten as
rW ¼ nWPW ; ð49Þ
rG ¼ nGPG; ð50Þ
rS ¼ r0  nSPF ; ð51Þ
r ¼ rS þ rW þ rG; ð52Þ
r0 ¼ rþ PF : ð53ÞThe average ﬂuid pressure acting on the solid phase is given by
Eq. (12) as
PF ¼ sPW þ ð1 sÞPG; ð54Þ
where s is the saturation.
3.1.2. Constitutive equation
A simpliﬁed viscoplastic constitutive model is used in this anal-
ysis. The stress–strain relation can be written as
r0 ¼ Heþ l _e; ð55Þ
where e is the strain, _e is the strain rate, H is the strain hardening–
softening parameter, which is a function of suction PC, and l is the
viscoplastic parameter.
Suction PC is included in the constitutive model and is deﬁned
by
PC ¼ PG  PW : ð56Þ3.1.3. Equation of equilibrium
The one-dimensional equilibrium equation can be written from
Eq. (32) as follows:
or
ox
þ qF ¼ or
0
ox
 oP
F
ox
þ qF ¼ 0: ð57Þ3.1.4. Continuity equations
In the one-dimensional analysis, the continuity equations for
the water and the air phases, can be written from Eqs. (21) and
(22), respectively:
s _eþ n_s ¼  oV
W
ox
; ð58Þ
ð1 sÞ _e n_sþ nð1 sÞ _qG
qG
¼  oV
G
ox
: ð59Þ3.1.5. Darcy’s law
Darcy’s laws for the ﬂow of water and air can be obtained from
Eqs. (30) and (31), namely:
VW ¼  k
W
cW
oPW
ox
 qWF
( )
; ð60Þ
VG ¼  k
G
cG
oPG
ox
 qGF
( )
: ð61Þ3.2. Perturbed governing equations
Next, we consider the equilibrium equation, continuity equa-
tions, and constitutive equations in the perturbed conﬁguration.
The perturbations of pore water pressure PW, pore air pressure
PG, and strain e in a one-dimensional form are assumed to be of
the periodic form, as
ePWePG
~e
264
375 ¼ P
W
PG
e
264
375 expðiqxþxtÞ; ð62Þ
where q is the wave number (=2p/l, l: wave length),x is the growth
rate of the ﬂuctuation, and superscript * indicates the amplitude of
each variable.
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by
o~r
ox
¼ o~r
0
ox
 o
ePF
ox
¼ 0; ð63Þ
where the perturbed variables are indicated by a tilde. ~r0 can be
written from Eq. (55) as
~r0 ¼ eHeþ H~eþ l~_e: ð64Þ
Since strain hardening-softening parameter H is a function of
the suction; the perturbation of H is given as
eH ¼ oH
oPC
ePC ¼ AePC ; ð65Þ
where A(= oH/oPC) indicates the slope of the H  PC curve.
Using Eqs. (62), (64) and (65), and considering that ~_e ¼ x~e, we
have a spatial differentiation of the perturbed skeleton stress as
o~r0
ox
¼ AePG  AePW þ He þ lxe
 
iq exp iqxþxtð Þ: ð66Þ
Similarly, ePF can be written by means of Eq. (54) asePF ¼ ~sPW þ sePW þ 1 sð ÞePG  ~sPG: ð67Þ
In Eq. (67), the degree of saturation, s, is a function of suction
through a constitutive equation such as van Genuchten Eqs. (33)
and (34). Then, the perturbed degree of saturation is given as
~s ¼ os
oPC
ePC ¼ BePC ; ð68Þ
where B(=os/oPC) indicates the slope of the s  PC curve. B is called
the speciﬁc moisture capacity.
Using Eqs. (62), (67) and (68), we have a gradient of the per-
turbed average pore pressure as
oePF
ox
¼ BPW þ sþ BPG
 
PW þ BPW þ 1 s BPG
 
PG
 
iq
 exp iqxþxtð Þ: ð69Þ
By substituting Eqs. (66) and (69) into Eq. (63) and rearranging
the terms, we obtain:
 Aeþ BPC þ s
 
PW þ Aeþ BPC þ s 1
 
PG þ H þ lxð Þe ¼ 0:
ð70Þ
The perturbation of the continuity equation for the water phase
(58) is given by
~s _eþ s~_eþ n~_s ¼  o
eVW
ox
; ð71Þ
where the perturbed rate of the degree of saturation and the per-
turbed spatial differentiation of the Darcy equation for the water
(60) can be written, respectively, as
~_s ¼ xBePC ; ð72Þ
oeVW
ox
¼ o
ox
 k
W
cW
oePW
ox
( )" #
¼  k
W
cW
o2ePW
ox2
: ð73Þ
By substituting Eqs. (62), (68), (72), and (73) into Eq. (71) and
rearranging the terms, we obtain:
 B _eþ nxB q2 k
W
cW
 !
PW þ B _eþ nxBð ÞPG þ sxe ¼ 0: ð74Þ
For the sake of simplicity, it is considered that the time rate of
the air density is equal to zero; as a result, the perturbation of
the continuity equation for the air phase (59) is given byð1 sÞ~_e ~s _e n~_s ¼  o
eVG
ox
: ð75Þ
The perturbed spatial differentiation of the Darcy equation for
the air (61) can be written as
oeVG
ox
¼ o
ox
 k
G
cG
oePG
ox
( )" #
¼  k
G
cG
o2ePG
ox2
: ð76Þ
Upon substitution of Eqs. (62), (68), (72), and (76) into Eq. (75)
and rearranging the terms, we obtain:
ðB _eþ nxBÞPW  B _eþ nxB q2 k
G
cG
 !
PG þ ð1 sÞxe ¼ 0: ð77Þ
Finally, we can rewrite the perturbed equilibrium and continu-
ity equations for water and air, Eqs. (70), (74), and (77), in matrix
form as
 Aeþ BPC þ s
 
Aeþ BPC þ s 1
 
H þ lxð Þ
 B _eþ Bnx q2 kWcW
 
B _eþ Bnxð Þ sxð Þ
B _eþ Bnxð Þ  B _eþ Bnx q2 kGcG
 
1 sð Þx
266664
377775

PW
PG
e
8><>:
9>=>; ¼ ½Afyg ¼ f0g: ð78Þ
For nonzero values of PW*, PG*, and e*, the determinant of matrix
[A] has to be equal to zero. From det[A] = 0, we have a polynomial
function of x as
x2 þ a1xþ a2 ¼ 0; ð79Þ
in which:
a1 ¼ 1
Bn cGcW þ cWkG þ cGkW
 
q2l
n o
 q2 cWkGs2 þ Aeþ BPC
 
cWk
Gs cGkW 1 sð Þ
 nh
þ cGkW s2  2sþ 1
  B cWkG þ cGkW 
 ðnH þ _elÞ þ kWkGlq2
o
 B _ecWcG
i
; ð80Þ
a2 ¼ 1
Bn cGcW þ cWkG þ cGkW
 
q2l
n o
 B _e cWkG þ cGkW
 
þ kGkWq2
n o
q2H ð81Þ
In the following, we discuss the onset of the instability of the
material system. If the growth rate of perturbation x, which is
the root of Eq. (79), has a negative real part, the material system
is stable. On the contrary, if x has a positive real part, the material
system is unstable. In order to estimate whether the real part of x
is negative or positive, we adopt the Routh–Hurwitz criteria. The
roots of Eq. (79) have negative real parts when the coefﬁcients of
the characteristic polynomial satisfy:
a1 > 0; a2 > 0: ð82Þ
The ﬁrst factor in Eqs. (80) and (81) is positive. Thus, it is sufﬁ-
cient to consider the sign of the variables in the second factor for
the analysis, namely:
a1 ¼ q2 cWkGs2 þ Aeþ BPC
 
cWk
Gs cGkW ð1 sÞ
 nh
þ cGkW s2  2sþ 1
  B cWkG þ cGkW  nH þ _elð Þ
þ kWkGlq2
o
 B _ecWcG
i
> 0; ð83Þ
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 
þ kGkWq2
n o
q2H > 0: ð84Þ
Note that in Eqs. (83) and (84), the terms q, s, n, l, kW, kG, cW,
and cG are positive, as well as the term (s2  2s + 1), because
s < 1. Considering that the unit weight of the air is much smaller
than the unit weight of the water (cG/cW  0.001), we can reason-
ably assume that the term (cW kGs  cG kW(1  s)) is always posi-
tive for the typical permeabilities of the soils. This condition is
satisﬁed by the water and air permeabilities used in the simula-
tions in Section 4.
Additionally, we analyze the sign of the terms A, B, strain e, and
strain rate _e, in Eqs. (83) and (84), as follows:
(1) Parameter H decreases when the suction decreases; conse-
quently, the slope of the H  PC curve is positive, i.e., A > 0.
(2) Saturation increases when the suction decreases; therefore,
the slope of the s  PC curve is negative, i.e., B < 0.
(3) Strain e is positive in extension and negative in contraction,
and strain rate _e can be positive or negative.
Now, let us consider the stability of the model when parameter
H is positive, i.e., viscoplastic hardening; from Eqs. (83) and (84) it
is possible that a1 and a2 can be negative in the following cases:
(1) Large B
B is negative, hence when B is large, term BPC in a1 is more
negative. Moreover, if strain rate _e is negative, terms B _e
included in a1 and a2 become negative; namely, the possibil-
ity of instability is more likely.
(2) Large suction
If PC increases, the term BPC becomes more negative; conse-
quently, a1 can be negative more easily.
(3) Large A (=oH/oPC) and negative strain e < 0
In this case, when A becomes larger while the strain is nega-
tive, e < 0 (compression or contraction), term Ae is more neg-
ative. As a result, it is possible that a1 becomesmore negative.
(4) Large Viscoplastic parameter l and negative strain rate _e < 0
If the strain rate is negative, namely, contractive, term _el in
a1 becomes negative. In addition, if the viscoplastic parame-
ter l is large, term a1 becomes more negative.In
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Fig. 3. Finite element mesh aSimilarly, for the case in which strain hardening–softening
parameter H is negative, i.e., viscoplastic softening, a1 and a2 can
also be negative. Then, similar conditions exist for the onset of
the instability of the material system.
Until now, the conditions for the onset of the instability of an
unsaturated material system have been shown by means of an ana-
lytical analysis using a viscoplastic model and the linear instability
analysis. From the analysis, it can be said that in both hardening
and softening ranges, the onset of the instability of a material in
a viscoplastic state mainly depends on terms BPC and Ae, as well
as strain rate _e. In Section 4, the results of various simulations of
the one-dimensional inﬁltration problem will be presented in or-
der to study the material instability by the model proposed in Sec-
tion 2. The numerical analyses are based on the effect of the
variation in parameters a and n0, which controls the soil water
characteristic curve as well as speciﬁc moisture capacity B (slope
of the SWCC) and initial suction PCi . The effect of these parameters
on the generation of volumetric strain e is presented.4. Numerical analysis by an elasto-viscoplastic model
4.1. Simulation of the one-dimensional inﬁltration problem
In the numerical simulation a ﬁnite element formulation based
on the ﬁnite deformation theory has been used in which strain rate
tensor _eij in Section 2 is replaced by the deformation rate tensor Dij
for the constitutive model (Kimoto et al., 2004; Oka et al., 2006). In
addition, an updated Lagrangian method with the objective
Jaumann rate of Cauchy stress tensor bT 0ij is adopted in this formu-
lation. The rate type of conservation for the momentum, by the
material derivative of the equilibrium equations in the current
conﬁguration, is used for the updated Lagrangian formulation of
the boundary value problem (Fung and Tong, 2001; Nemat-Nasser,
2004).
Weak forms of the continuity equations for water and air and
the rate type of conservation of momentum are discretized in
space and solved by the ﬁnite element method. In the ﬁnite
element formulation, the independent variables are the pore water
pressure, the pore air pressure, and the nodal velocity. AnFinal condition
Hydrostatic condition
itial condition
nitial suction
25.5 kPa PW=14.7 kPa
PW=4.9 kPa
1.0 m1.0 m
0.0 m
25.5 kPa
0.0 m
nd boundary conditions.
Table 1
Material parameters for the simulations.
Viscoplastic parameter m0 23.0
Viscoplastic parameter (1/s) C1 1.0  108
Viscoplastic parameter (1/s) C2 1.0  108
Stress ratio at critical state Mm 0.947
Parameter of tangent modulus method h 0.5
Coefﬁcient of water permeability at s = 1.0 (m/s) kWs 1.83  10
5
Coefﬁcient of air permeability at s = 0.0 (m/s) kGs 1.00  10
3
Compression index k 0.136
Swelling index j 0.0175
Initial shear elastic modulus (kPa) G0 4000
Initial void ratio e0 0.5983
Structural parameter b 0.0
Suction parameter SI 0.2
Suction parameter Sd 0.25
Minimum saturation smin 0.0
Maximum saturation smax 0.99
Parameter of coefﬁcient of water permeability a 3.0
Parameter of coefﬁcient of air permeability b 2.3
3526 E. Garcia et al. / International Journal of Solids and Structures 47 (2010) 3519–3536eight-node quadrilateral element with a reduced Gaussian integra-
tion is used for the displacement, and four nodes are used for the
pore water pressure and the pore air pressure. The backward ﬁnite
difference method is used for the time discretization.
The ﬁnite element mesh and the boundary conditions for the
simulations are shown in Fig. 3. A homogeneous soil column with
a depth of 1 m is employed in the simulations. An undrained
boundary for water is assigned at the bottom and on the lateral
sides of the column. Air ﬂux is allowed both at the bottom and at
the top of the column. The top of the column is subjected to a pore
water pressure equal to 4.9 kPa. The simulations of the inﬁltration
process start from an unsaturated condition where initial suction
PCi is the same along the column. At t = 0, water starts to inﬁltrate
due to the pore water pressure applied at the top until a hydro-
static condition is attained in the column. Different values for the
van Genuchten parameters (Section 2.2.1); parameter a, from
a = 0.1 to a = 10 (1/kPa), and parameter n0, from n0 = 1.01 to
n0 = 9.0, as well as two different levels of initial suction, PCi ¼ 25:5
(Case 1) and 100 kPa (Case 2), were considered to study the insta-
bility of the unsaturated material system. The material parameters
required by the constitutive model introduced here are listed in
Table 1. Fig. 4 shows an example of the results for a time history
of the pore water pressure distribution obtained by the simula-
tions. This ﬁgure shows a transition of the soil from an initial0 5000 10
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Fig. 4. Time history of pore water pressure (unsaturated state ðPCi ¼ 25:5 kPaÞ to a saturated state correspond-
ing to the hydrostatic condition.
In the following sections, the discussion intends to show a trend
in the deformation behavior of unsaturated soil as well as the con-
sistency between the numerical results and the theoretical results
obtained in Section 3. It is worth noting that the onset of the insta-
bility of the unsaturated viscoplastic material subjected to a
wetting process can be interpreted as the sudden increase in con-
tractive volumetric deformation during the numerical analysis.
This contractive behavior (collapse behavior) can be attained if
the soil presents an open potentially unstable unsaturated struc-
ture which can also be attained when relatively high suction or
applied stress exists (Barden et al., 1973; Lloret and Alonso,
1980; Wheeler and Sivakumar, 1995). Finally, in order to show
the potentially stable and unstable regions of the one-dimensional
inﬁltration problem, the results of the simulation will be plotted in
the a  n0 space, where the effect of the initial suction is also
included.
4.2. Signiﬁcance of the values for BPC and Ae on the onset of the
instability of the unsaturated material
In Section 3, it was shown that the onset of the instability of the
material system depends mainly on values BPC and Ae and strain
rate _e. Among these terms, _e depends on the deformation pattern
of the soil during the inﬁltration process, and its effect on the onset
of the instability of the unsaturated material is addressed later
(Section 4.5). To estimate which of the other two terms has a more
signiﬁcant effect on the onset of the instability of the material, the
values corresponding to Ae and BPC, included in Eq. (83), are inves-
tigated during the inﬁltration process. Firstly, the strength degra-
dation due to the decrease in suction is shown schematically in
Fig. 5, and the relation between the strain-hardening parameter
and the suction is given by Eq. (41). From this equation, A is ob-
tained as
A ¼ or
0
mb
oPC
¼ r0ma exp
1þ e0
k j e
vp
kk
	 

SI exp Sd P
C
i
PC
 1
 ! !" #
Sd
PCi
PC
2
" #
:
ð85Þ
In the same manner, the slope of the SWCC can be obtained from
Eqs. (33) and (34) as
B ¼ os
oPC
¼ amn0 smax  sminð ÞðaPCÞn
01 1þ ðaPCÞn0
n om1
: ð86Þ000 15000 20000
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Fig. 5. Strength degradation due to the decrease in suction.
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(83) corresponds to both the axial strain and the volumetric strain
(e = ex = ev). Using Eqs. (85) and (86), values Aev and BPC can be0 2000 4000 6
0.00
-0.01
-0.02
-0.03
-0.04
-0.05
-0.06
-0.07
α=1.0
Aε
v
Tim
α (1/kPa)
α=0.5
α=1.0
α=2.0
α=3.0
Element 12
PCi = 100 kPa
n' = 1.40
α=0.5
Fig. 6. Time history of value Aev
0 2000 4000 6
0.10
0.05
0.00
-0.05
-0.10
-0.15
-0.20
-0.25
-0.30
BP
C
Tim
α=0.5
α=1.0
α=2.0
α=3.0
Element 12
α=0.5 α=1.0
Fig. 7. Time history of value BPCcalculated. Figs. 6 and 7 show comparisons of the time histories
of values Aev and BPC, respectively, for different parameters a,
namely, a = 0.5, 1.0, 2.0, and 3.0 (1/kPa), with the same parameter
n0 = 1.4 and the same initial suction PCi ¼ 100 kPa during the inﬁltra-
tion process. Fig. 6 shows negative values for Aev because the calcu-
lated volumetric strain is negative ev < 0 (contraction). Similarly,
Figs. 8 and 9 show comparisons of the time histories of values A
ev and BPC, respectively, for different parameters n0, namely,
n0 = 1.1, 1.2, 1.3, 1.4, 1.5, and 1.6, with the same parameter a = 1.0
(1/kPa) and the same initial suction PCi ¼ 100 kPa. In Fig. 8 positive
values for Aev indicate positive volumetric strain ev > 0 (expansion
or extension) and negative values for Aev when ev < 0 (contraction).
Figs. 6 and 8 show that negative values for Ae increase when param-
eters a and n0 increase. However, they are smaller than the negative
values obtained for BPC (see Figs. 7 and 9). This suggests that the
effect of term BPC on the onset of the instability of the material is
more signiﬁcant. Accordingly, it can be said that the onset of the
instability of the unsaturated elasto-viscoplastic material in an
inﬁltration process depends mainly on speciﬁc moisture capacity
B and suction PC.000 8000 10000 12000
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Fig. 8. Time history of value Aev for different parameters n0 .
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ment of volumetric strain will be studied.
4.3. Effect of speciﬁc moisture capacity B on the onset of the instability
of the unsaturated material
According to the instability analysis presented in Section 3 and
using a multiphase viscoplastic model, the material system can be
unstable if the magnitude of B, which corresponds to the slope of
the soil water characteristic curve (B = os/oPC), increases. In the for-
mulation presented in Section 2, B plays an important role in the
continuity equations for both water and air phases. In addition to
the SWCC, B (in Eq. (86)) is also mainly controlled by parameters
a and n0.
In the following, a discussion on the effect of parameters a and
n0 and suction PC on the development of the volumetric strain is
presented.
4.3.1. Effect of parameter a on speciﬁc moisture capacity B and
volumetric strain ev
Fig. 10 shows the variation in B due to the changes in suction for
different a values when n0 = 1.4. This ﬁgure shows that the value of0 10000 20000
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Fig. 11. The inﬂuence of parameter a on the deve
Fig. 12. The inﬂuence of parameter a on the deveB is smaller for the higher values of suction. However, when the
suction starts to decrease, the value of B increases until it reaches
a maximum peak that depends on the a value; the larger the
parameter a, the greater the peak for B. After this peak, the value
of B starts to decrease toward zero for PC = 0.
Five different values are considered for parameter a to show its
effect on the water inﬁltration process and the development of vol-
umetric strain (a = 0.5, 1.0, 2.0, 3.0, and 4.0 1/kPa). Fig. 11 shows
the inﬂuence of parameter a on the development of volumetric
strain ev for Element 12 (in Fig. 3) when the material is subjected
to inﬁltration from an initial suction, PCi ¼ 25:5 kPa (Case 1). From
this ﬁgure, it is seen that the volumetric strain changes from
expansive to contractive when parameter a increases. A similar
trend is observed for Case 2 (Fig. 12), in which the initial suction
is PCi ¼ 100 kPa. The increase in parameter a means an increase
in B and an increase in the contractive behavior of the soil, and
therefore, the potential for instability. These numerical results
are consistent with the theoretical results obtained in the linear
instability analysis in Section 3, where it was shown that the onset
of instability increases when B and the contractive strain increase.
This means that soils with greater parameters a are potentially
more unstable than soils with smaller parameters a.30000 40000 50000
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volumetric strain ev
The effect of parameter n0 on the variation in B is similar to the
effect of parameter a. Fig. 13 shows the variation in the speciﬁc
moisture capacity due to the changes in suction for different n0 val-
ues at the same value of a = 1.0 (1/kPa). From the ﬁgure, it is seen
that the value of B is smaller for higher values of suction. However,
when the suction starts to decrease, the value of B increases and
reaches a maximum peak that depends on the n0 value; the greater
parameter n0, the greater the peak of B. After this peak, the value of
B starts to decrease toward zero for PC = 0.
Figs. 14 and 15 describe the inﬂuence of parameter n0 on the
development of volumetric strain ev in Element 12 in Fig. 3 dur-
ing the inﬁltration process for the two different cases, PCi ¼ 25:5
and 100 kPa, respectively. Five different values for parameter n0
are used in order to observe their effect on the water inﬁltration
process, namely, n0 = 1.2, 1.3, 1.4, 1.5, and 1.6, with a = 1.0
(1/kPa). In the case of PCi ¼ 25:5 kPa (Fig. 14), the volumetric
strain is changing from positive volumetric strain (extension)
at smaller values of n0 to negative volumetric strain (contrac-
tion) at greater values of n0. The same trend is observed in1E-3 0.01 0.1
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Fig. 14. The inﬂuence of parameter n0 on the devethe case of PCi ¼ 100 kPa (Fig. 15). Similar to the effect of param-
eter a, the trend for greater contractive deformation is obtained
for the greater n0 values. An increase in parameter n0 means an
increase in B and the contractive behavior of the soil, thus, the
potential for instability. This is consistent with the theoretical
results obtained in the linear instability analysis in Section 3,
where it was shown that the onset of instability increases when
B increases and the volumetric strain is contractive. It can be
said that, during the inﬁltration process, unsaturated materials
with smaller n0 values are less unstable than those with greater
n0 values.
4.4. Effect of initial suction PCi on volumetric strain ev
Suction is a main variable related to unsaturated soils. It has a
direct effect on the stress variables, the soil water characteristic
curve, the hydraulic conductivity, and the deformation characteris-
tics. From the instability analysis presented in Section 3, it is seen
that suction PC has an additional effect on the stability since it is
included in A and B. The results of the instability analysis shown
in Eq. (83) suggest that a material with a greater initial suction1 10 100 1000
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Fig. 15. The inﬂuence of parameter n0 on the development of volumetric strain ðPCi ¼ 100 kPaÞ.
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material with a smaller initial suction.
Figs. 16 and 17 show the time histories of volumetric strain for
two different parameters, a = 1.0, 2.0 (1/kPa), respectively. On
these graphs, a comparison is made for the two different levels
of initial suction ðPCi ¼ 25:5 and 100 kPa), while parameter n0 is in-
creased. From the ﬁgures, it is seen that the trend for greater con-
tractive volumetric strain is obtained for the greater initial suction
ðPCi ¼ 100 kPaÞ when the same parameter n0 is compared. This im-
plies that the volumetric strain develops prominently during the
wetting process when unsaturated materials present higher suc-
tions. This is consistent with the theoretical results obtained in
the instability analysis, namely, an increase in suction leads to an
increase in the onset of the instability of the material system. It
can be said that in a wetting process, the unsaturated materials
with smaller suction values are less unstable than those with
greater suction values.
4.5. Summary of the simulation results
Firstly, the results of the calculated settlements at the top of the
soil column and at the end of the inﬁltration process for different
parameters a and n0 and initial suction PCi ¼ 25:5 kPa are shown0 10000 20000
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Fig. 16. The inﬂuence of initial suction PCi on the dein Fig. 18. Fig. 18 indicates that for each parameter a, the initial
behavior of the soil is expansive for the smaller n0 values. When
parameter n0 is large, however, the behavior changes to be contrac-
tive (except for a = 0.10 (1/kPa)). Two different types of instability
are observed during the simulation process for the cases when
PCi ¼ 25:5 kPa: (a) for the cases when a = 0.10–4.00 (1/kPa), the set-
tlement increases with the increase in parameter n0 until the peak
where the settlement starts to decrease and changes to swelling.
The rate of change from contractive to expansive behavior is larger
for the larger a values. For n0 values larger that those shown by the
solid square (j) in Fig. 18, the instability emerged due to an abrupt
transition from the unsaturated to the saturated state presented at
the very beginning of the calculation. In these cases, the instability
is apparently triggered by the rapid saturation in the soil column
due to the larger values of the speciﬁc moisture capacity (owing
to the larger n0 values) which leads to the generation of a large
expansive deformation in the soil column. The instability for the
simulation with constant a = 0.1 (1/kPa) was attained when
n0 = 8.5. (b) In the cases of greater parameters, namely, a = 6.0,
8.0, and 10.0 (1/kPa), the instability occurred at the contractive
side after the settlement reached a value between 0.15 and
0.20 m. From Fig. 18, it is also possible to see that the rate of
deformation increases when parameter a increases.30000 40000 50000
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Fig. 17. The inﬂuence of initial suction PCi on the development of volumetric strain (a = 2.0 1/kPa).
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of the initial suction PCi =100 kPa; similar behavior to that observed
in the case of initial suction PCi =25.5 kPa for the larger parameters a
is shown. The instability is attained after the settlement reached
values between 0.15 and 0.20 m, and the settlement increases with
an increase in parameters a and n0. In this case, however, the
deformation rates are larger and the instability always occurs at
the contractive side. This suggests that soils with higher levels of
suction are prone to be unstable due to the highly contractive
behavior triggered by a wetting process. In this case, where the
contractive behavior increases, both volumetric strain ev and strain
rate _e are negative. As a result, and according to Eqs. (83) and (84),
the potential for instability increases. The results in Figs. 18 and 19
are consistent with the instability results obtained in Section 3,
where it was found that the onset of instability increases if the
behavior of the material is contractive and both speciﬁc moisture
capacity B and suction PC increase.
In the simulations, the numerical instability is reached after a
large contractive deformation is obtained. As a result, the numeri-
cal calculation abruptly ends due to the large increase in the
deformation.
The results of the simulations described in Sub Section 4.1 are
summarized in a stability chart in order to observe the potentiallystable region for the one-dimensional water inﬁltration problem.
Figs. 20 and 21 show the results of the simulation for different val-
ues of parameters a and n0 and for the initial levels of suction
PCi =25.5 and 100 kPa, respectively. In these ﬁgures, the solid circle
() indicates the stable simulation results, while the x indicates the
unstable simulation results (large increase in the volumetric defor-
mation). On the graphs, the boundaries between the material sta-
ble and unstable regions (continuous line) and the boundary
between expansive and contractive behaviors (dashed line) are
shown. From Figs. 20 and 21, the following characteristics can be
understood:
1. The expansive behavior is presented for materials with smaller
parameters a and n0, but the contractive behavior is obtained
when these parameters increase.
2. For the same parameter a, the potential for instability increases
when parameter n0 is large. A larger parameter n0 leads to an
increase in B and an increase in the deformation.
3. For thesameparametern0, the instabilitypotential increaseswhen
parameter a becomes large. This larger parameter a leads to an
increase in B, and consequently, to an increase in the deformation.
4. It is possible to see that the material stable–unstable bound-
aries and the expansive-contractive boundaries shrink as the
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100 kPa.
5. The instability obtained by the numerical analyses is consistent
with the theoretical results obtained by the linear instability
analysis presented in Section 3.
According to the instability results, it can be said that unsatu-
rated soils that are prone to instability during a wetting process
are those with higher levels of initial suction, e.g., clays, as well
as soils that are represented by a steeper soil water characteristic
curve, e.g., sands.
4.6. Stress paths and strain–time responses during wetting
In the simulation of the one-dimensional inﬁltration problem,
the soil column is considered to be in its initial state with constant
suction. The initial mean skeleton stress and the initial saturation
are different, however, because different van Genuchten parame-
ters (a and n0) are used in each simulation. Now, in Fig. 22, we will
examine the effect of n0 in detail by the stress paths
ﬃﬃﬃﬃﬃﬃﬃ
2J2
p  r0m 
for Element 12, for three values of parameter n0, n0 = 1.4, 2.0, and
2.9, with the other parameters being held constant, namely,
a = 1.0 1/kPa and PCi ¼ 25:5 kPa. The cases of n0 = 1.4 and 2.0 corre-
spond to the stable region, while the case of n0 = 2.9 is on the unsta-
ble region, in Fig. 20. In the case of n0 = 1.4, it is seen that the stress
path follows a direction toward the critical state line (A  A0  A00),
whereas for n0 = 2.0, the stress path initially goes in the opposite
direction during the unsaturated state (B  B0) and then returns to-
ward the critical state line in the saturated state (B0  B00). When
n0 = 2.9, it is seen that the stress path approaches the critical state
line and reaches the state with almost zero deviator stress. After
that, the path goes to C00 (C  C0  C00).
The saturation-mean skeleton stress relations, which corre-
spond to Fig. 22, are presented in Fig. 23. This ﬁgure shows that
the larger the parameter n0, the smaller the initial saturation,
namely, points A, B, and C. The initial saturation signiﬁcantly af-
fects the initial mean skeleton stress because the mean skeleton
stress depends on the saturation that is included in the calculation
of the average pore pressure, as shown in Eqs. (11) and (12). For the
same suction, the larger the saturation, the smaller the average
pore pressure; hence, the initial mean skeleton stress is large.
Fig. 23 also shows that for the case of n0 = 2.9, once full saturation
has been attained, the mean skeleton stress decreases and then in-
creases (C0  C00). Fig. 24 illustrates the suction-mean skeleton
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the values for the initial mean skeleton stress are different at
points A, B, and C. The larger the value of n0, the smaller the initial
mean skeleton stress. During the inﬁltration process, when the
water reaches the element, the suction starts to decrease and the
mean skeleton stress decreases or increases depending on the va-
lue of n0. For n0 = 1.4, the mean skeleton stress shows a small
decrease in the unsaturated state (A  A0), while for n0 = 2.0, the
mean skeleton stress increases (B  B0). In the case of n0 = 2.9, the
mean skeleton stress reduces with the reduction in suction and
then ﬁnally increases (C  C0  C00).
The accumulated viscoplastic shear strain (cvp)–time histories
are shown in Fig. 25. It is observed that the development of irrecov-
erable deformation is very small for the parameter n0 = 1.4. For the
larger value of n0 = 2.0, however, the accumulated viscoplastic
shear strain develops prominently during the transition of the
material from the unsaturated state to the saturated state up to
cvp = 10.3%. For the case of n0 = 2.9, the accumulated viscoplastic
shear strain develops from the beginning of the process until it
reaches a value of 3%, and it remains almost constant before15 20 25
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mation has developed in the soil column. Similarly, the time histo-
ries of the volumetric strain are shown in Fig. 26. The development
of the volumetric deformation in time indicates that different re-
sponses of the column are obtained during the wetting process
for different parameters n0. For n0 = 1.4, the volume increases
slightly due to the decrease in mean skeleton stress, mainly be-
cause of the increase in pore water pressure. For n0 = 2.0, however,
the volume decreases due to the increase in mean skeleton stress,
mainly because of the increase in the total stress. In the case of
n0 = 2.9, it is seen that the volume increases at the beginning of
the process, and it remains constant for some time before an
abrupt change to large contraction. The increase in volumetric
strain at the beginning of the simulation can be explained by the
rapid saturation of the soil owing to a steeper soil water character-
istic curve represented by the larger parameter n0. This signiﬁcant
transition also leads to the diminution of the mean skeleton stress
with suction, namely, C  C0 in Fig. 24.
From the above discussion using Figs. 22–26, it is seen that a
larger value of n0, i.e., a steeper suction-saturation characteristic
curve, leads to the development of larger strain. This result isconsistent with the instability analysis presented in Section 3. In
addition, it is worth noting that contractive volumetric strain oc-
curs when large strain develops, namely, for the case of relatively
unstable behavior (Barden et al., 1973; Lloret and Alonso, 1980;
Wheeler and Sivakumar, 1995).
5. Conclusions
In order to study the effects of parameters and state variables
on the instability of an unsaturated material system during a wet-
ting process, a theoretical analysis was conducted with a simpliﬁed
viscoplastic model. It was found that in both hardening and soften-
ing ranges, the occurrence of the instability of an unsaturated
material system is more likely (the rate of the ﬂuctuation grows)
if suction PC and speciﬁc moisture capacity B = os/oPC are larger.
Moreover, the onset of instability can be increased if the strain rate
is negative ð _e < 0Þ, and the behavior of the material is contractive
(ev < 0), while the slope of curve r0mb  PCðA ¼ or0mb=oPCÞ increases.
It was also found that the effect of the speciﬁc moisture capacity
and the suction is more signiﬁcant than the effect of the slope of
curve r0mb  PC .
3536 E. Garcia et al. / International Journal of Solids and Structures 47 (2010) 3519–3536From the numerical study on the one-dimensional inﬁltration
problem, it was found that the elasto-viscoplastic material system
is more unstable when parameters a and n0 are large, namely, for
large values of the slope of the soil water characteristic curve (spe-
ciﬁc moisture capacity). For the effect of the suction, it is observed
that the instability signiﬁcantly increased when the initial suction
of the unsaturated material was increased ðPCi ¼ 25:5 to 100 kPa).
These trends are consistent with the theoretical results obtained
by the linear instability analysis.
The simulated settlements show that for smaller parameters a
and n0, the material behavior is expansive. Nevertheless, when
these parameters become large, the expansive behavior of the soils
changed to a contractive one. Parameters a and n0 indicate a great
effect on the development of the deformation. The greater the
parameters a and n0, the larger the settlements obtained. Larger
rates of settlement were also obtained for higher levels of initial
suction. This suggests that rapid transitions from unsaturated to
saturated states and higher levels of suction lead to contractive
behavior and instability; e.g., a wetting-induced collapse.
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